Abstract. It is proved that every abelian quasigroup possesses a class of isomorphic principal isotopes which are commutative groups. Also it is indicated how the corresponding result for topological quasigroups can be utilised to obtain results for abelian topological quasigroups from analogous results for commutative topological groups.
A quasigroup G is defined to be a system of three compositions viz. product ('•'), right division ('/') and left division ('V) such that for every a, b, c E G, ab = c <^> c/b = a «=> a\ c = b. Functions are understood to operate on the right.
A homotopy of a quasigroup G, into a quasigroup G2 with products <px, <p2 is defined to be a triple h = (a, ß, v) where a, ß, v: Gx -* G2 satisfy (0 (« X ¿8)<p2 = <ptp i.e. G\ x Gi --" G\ a x ß G2 x g2-?_* g2 is a commuting diagram. We note that (a, ß, v) is a homotopy of (Gx, ■ ) into (G2, ■ ) <=> (ß, v, a) is a homotopy of (G,, /) into (G2, /)<=>(a, v, ß) is a homotopy of (G,, \) into (G2, \ ).
If a, ß, v are bijective, then h is said to be an isotopy. An isotopy of the form (a, ß, IG) of a quasigroup (G, <p,) onto a quasigroup (G, <p2) is said to be a principal isotopy.
A quasigroup G is said to be an abelian quasigroup if for every a, b, c, d E G,
Theorem 1. For every element p in an abelian quasigroup (G, ■ ), there exists a principal isotope (G, yp) of (G, ■ ) which is a commutative group having p as the identity element; moreover for any two elements p, q in G, (G, <p ) is isomorphic to (G, <p).
Proof. q>p: G x G -* G is defined by
where Ru (resp. Lu) denote the right (resp. left) translation by u in (G, • ). Since R^1, L~/p are bijective, (R~\ L~/p, IG) is a principal isotopy of (G, ■ ) onto (G, q>p). Since an isotope of a quasigroup is a quasigroup (Brück [2] ), (G, (pp) is a quasigroup. p is the identity element in (G, <pp). Also (G, <pp) is abelian. For if a, b, c, d
[by (6) and (7)
Since an abelian loop is a commutative group (Murdoch [6] ), (G, <pp) is a commutative group having p as the identity element and it is a principal isotope of (G, ■ ). Now if p, q G G, then since both (G, <pp) and (G, <pq) are principally isotopic to (G, • ) and the relation of principal isotopy is an equivalence relation, (G, <pp) is principally isotopic to (G, <pq). Since any two isotopic groups are isomorphic (G, <pp) is isomorphic to (G, <p?). Remark 1. If p is an idempotent element of (G, • ), then (8) gives (9) ab = (aRp, bLp)%.
This extends Murdoch's discussion on the last two pages of [6] by showing that the class of quasigroups (G, ■ ) which can be obtained from any commutative group (G, + ) via an isotopy (a, ß, IG): (G, + ) -» (G, • ) where a, ß E Aut • (G, + ) and aß = ßa is precisely the class of all abelian quasigroups having at least one idempotent element.
Remark 2. Up is not an idempotent element of (G, • ), then Rp, Lp are not necessarily automorphisms of (G, <pp). For example, consider the abelian quasigroup (G, ■ ) given by the multiplication table If p = 1 (which is not an idempotent element of (G, • )), then the abelian group (G, <pp) is given by the multiplication table If we define a X b =_aa + bß, thenJG, X ) isa principal isotope of (G, + ), but since (0 X 1) X (2 X 3) =¿ (0 X 2) X (1 X 3), it is not abelian.
Lemma 1. Let (G, + ) be a commutative group andf, g: G -> G two functions satisfying the following conditions:
(i)f and g are surjective.
(ii) The operation (x,y)->xy: G X G -> G defined by xy = (x)f + (y)g satisfies (ab)(cd) = (ac)(bd).
Then by ( If we subtract C from both sides and recall the definition of tp we recognize that (14) shows that <p is an endomorphism.
We repeat this procedure this time with [by (11) and (13)].
Upon adding C on both sides and referring to the definition of \b we conclude that \p is an endomorphism.
In the defining equation for <p we replace x by x -(r)g and obtain (x)f = (x -(r)g)<p + C = (x)tp -(r)gtp + C; taking x = 0 we find p = We can now establish the following proposition. A topological quasigroup (G, t) is a quasigroup G endowed with a topology T w.r. to which the operations of G are continuous.
An isotopy of a topological quasigroup (G,, t,) onto a topological quasigroup (G2, t2) with products <p,, <p2 is a triple A = (a, ß, v) where a, ß, v: (G,, t,) -» (G2, t2) are homeomorphisms and satisfy (1) . An isotopy of the form (a, ß, IG) of a topological quasigroup (G, t, <p,) onto a topological quasigroup (G, t, tp2) is said to be a principal isotopy (Das [3] ).
Remark 5. All the above results are true if quasigroups, groups are replaced by topological quasigroups, topological groups and the terms isotopy, principal isotopy are used in the above sense.
Remark 6. Since any topological property is an invariant of principal isotopy, topological properties possessed by a commutative topological group are also possessed by an abelian topological quasigroup. Theorem 3. Let p be an arbitrary but fixed element of an abelian topological quasigroup (G, t). Then there exists a fundamental system % of closed neighbourhoods of p such that (i)for every U G <îl, U = (p(U \ (pp)))/p;
(ii) for every U G %, there exists V G % such that (V(p \(Vp)))/p c U.
